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Abstract We study the effects of non-magnetic impurity scattering on the An-
dreev bound states (ABS) in an isolated vortex in two-dimensional chiral p-wave
superconductors numerically. We incorporate the impurity scattering effects into
the quasiclassical Eilenberger formulation through the self-consistent t-matrix ap-
proximation. Within this scheme, we calculate the local density of states (LDOS)
around two types of vortices: “parallel” (“anti-parallel”) vortex where the phase
winding of the pair-potential coming from the vorticity and that coming from the
chirality have the same (opposite) sign.
When the scattering phase-shift δ0 of each impurity is small, we find that the
impurities affect differently the spectra of quasiparticles localized around the two
types of vortex in a way similar to that in the Born limit (δ0 → 0). For a larger
δ0(. pi/2), ABS in the vortex is strongly suppressed by the impurities for both
types of vortex. We find that there are some correlations between the suppression
of ABS near vortex cores and the low energy density of states due to the impurity
bands in the bulk.
1 Introduction
Chiral superconductors/superfluids are referred to as those in which time-reversal
and two-dimensional parity symmetries as well as the gauge symmetry are broken
spontaneously. Two-dimensional chiral p-wave superconductor/superfluid, which
is believed to be realized in Sr2RuO4 1,2,3,4 and thin film superfluid 3He-A5, is a
spin-triple superconductor/superfluid specified by d-vector d = zˆ(kx+ iky)/kF or
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2d = zˆ(kx− iky)/kF, each state of which corresponds to an eigenstate of the internal
angular momentum (, which we call chirality) of its Cooper pair. In the absence
of external magnetic fields, these two states are degenerate and one of them is
selected spontaneously as the thermodynamic state.
Under a symmetry-broken state, isolated vortex and antivortex in the chiral
superconductor are physically inequivalent6,7,8,9. One type of vortex has the vor-
ticity same as that of the chirality of the Cooper pair (“parallel vortex”) while the
other type of vortex has the vorticity opposite to the chirality (“anti-parallel vor-
tex”). The total angular momentum of the system lz of parallel vortex is ±2h¯ and
that of the anti-parallel vortex is 0.
Several authors have considered differences between the two types of vortices
such as core energies6,7 and lower critical field6,7. The authors of refs.10,11,12,13,16
argued that in the anti-parallel vortices the effect of the non-magnetic impurity
(impurities) on the Andreev bound states (ABS) in the core14,15 is considerably
suppressed compared to the parallel vortices. This effect has also been reported
in a similar system17 and some authors have ascribed this robustness to “odd-
frequency pairing”16,18. The vortex-type dependent impurity effects are important
in the sense that these effects imply vortex-type-dependent flux-flow conductivity
and Hall conductivity in chiral superconductors.
However, these studies (except ref.10, where the effect of a single impurity
located at the vortex center was considered) have been done only in the Born
limit, which corresponds to the situation where a lot of weak scatterers exist ran-
domly, and the scattering phase-shift of a single impurity potential δ0 is extremely
small (δ0→ 0) in the t-matrix formulation. In general, the impurity effect on un-
conventional superconductors depends crucially on δ0. For example, experimen-
tal results on thermal conductivity in heavy fermion superconductors were ex-
plained by the theories taking account of impurity effects due to unitary scatterers
(δ0→ pi/2)19,20. For another example, Hayashi et al. have reported that the core-
shrinkage effect21 of vortex in the two-dimensional s-wave and chiral p-wave
superconductors are different between the Born and unitary limits22? . Because
δ0 depends on the superconducting material and species of the impurities (for ex-
ample, see ref.24), it is therefore not sufficient for adapting these theories to the
real materials. In addition, some authors25 have reported a result different from
those obtained in refs.11,12,13,16 in the Born limit. Thus the vortex-type dependent
impurity effects in the Born limit itself is still an issue.
To clarify the impurity effects on the ABS in vortices (in this paper, we call
those states as vortex-ABS), we study both Born and unitary limits and the inter-
mediate regime between them in a fully self-consistent way. We use Eilenberger’s
quasiclassical theory with the t-matrix formulation26,27.
2 Model and Method
We consider two-dimensional spin-triplet chiral p-wave superconductors with isotropic
circular Fermi surface in the type II limit, i.e. the ratio of the magnetic penetration
depth to the coherence length is taken to be infinity.
3In the quasiclassical theory of superconductivity26, the electronic structure of
quasiparticles is described in terms of the quasiclassical Green’s function
gˇ(iωn,r,k) =
(
g f
− f † −g
)
, (1)
which is defined by the Gor’kov Green’s function integrated over the magnitude
of quasiparticle energy. The quasiclassical Green’s function (1) satisfies the Eilen-
berger equation26
−ih¯vF ·∇gˇ=
[
ih¯ωnτˇ3− ∆ˇ − Σˇ , gˇ
]
, (2)
and the normalization condition gˇ2 = −pi2τˇ0. Here τˇi (i = 0,1,2,3) denote the
Pauli matrices in the particle-hole space. The symbol ωn = (2n+ 1)pikBT/h¯ de-
notes the Matsubara frequency and vF, Σˇ and ∆ˇ are, respectively, the Fermi veloc-
ity, the impurity self-energy and the pair-potential.
Within the t-matrix approximation27, the character of the impurities is parametrized
by the scattering rate Γn = h¯(2τn)−1 or the relaxation time τn in the normal state
and the phase-shift of a single impurity δ0. The impurity self-energy Σˇ is ex-
pressed in terms of gˇ, Γn and δ0 as13
Σˇ(iωn,r) =
pi−1Γn 〈gˇ〉
cos2 δ0−pi−2 sin2 δ0(〈g〉2−〈 f 〉〈 f †〉)
. (3)
The notation 〈A〉 denotes A averaged over the Fermi surface, and in this case, it
can be expressed as 〈A〉= ∫ 2pi0 dαA(k)/(2pi) where k/kF = (cosα,sinα).
The pair-potential has the matrix form of
∆ˇ(r,k) =
(
0 ∆(r,k)
−∆ ∗(r,k) 0
)
, (4)
where ∆(r,k) satisfies the gap equation12,13,25
∆(r,k) = λkBT ∑
n, |ωn|≤ωc
〈
2cos(α−α ′) f (iωn,r,α ′)
〉
α ′ . (5)
Here λ is the coupling constant that satisfies13
1
λ
= ln
T
Tc0
+ ∑
n=0, ωn≤ωc
1
n+1/2
. (6)
The symbol ωc denotes a cut-off frequency and we set h¯ωc = 10∆0 as the same
value in the earlier studies13,16, where ∆0 is the modulus of the pair-potential at
zero temperature in the bulk without the impurities. When there exist impurities,
the critical temperature Tc obeys the Abrikosov-Gor’kov law for anisotropic su-
perconductors28. Note that Tc does not depend on δ0 29.
In the absence of external magnetic fields, the chiral p-wave superconductors
have two-fold degenerate thermodynamic states with the pair-potential ∆(k) ∝
exp(±iα); each state has the Cooper pairs with internal angular momentum ±h¯.
In the chiral p-wave states with a single vortex with a positive vorticity at r= 0, the
pair-potential ∆(r,k) has the asymptotic form ∆bei(φ±α) with r/r = (cosφ ,sinφ)
and the modulus in the bulk ∆b far away from the vortex center in the presence of
impurities at finite temperatures. In the intermediate regime with finite r around
4the single vortex, both Cooper pairs with ±h¯ coexist. Taking account of axial
symmetry around r = 0, we can write the pair-potentials13 generally in the forms
∆ (p)(r,k) = ∆ (p)+ (r)e
i(φ+α)+∆ (p)− (r)e
i(3φ−α) (parallel vortex) (7)
∆ (a)(r,k) = ∆ (a)+ (r)e
i(φ−α)+∆ (a)− (r)e
i(−φ+α) (anti-parallel vortex) (8)
respectively. The subscripts + and − describe dominant and induced components
of pair-potential; the latter component vanishes far away from the vortex center
(i.e., ∆ (p)− (r→ ∞) = 0, ∆ (a)− (r→ ∞) = 0).
We numerically calculate the quasiclassical Green’s functions gˇ around the
isolated vortex in a self-consistent way through successive iterations of the Eilen-
berger equation (2) , the Dyson equation (3) and the gap equation (5) for Matsub-
ara frequency iωn and real-frequency ε . We solve eq. (2) with use of the Riccati-
parametrization30,31. Equation (2) is solved on the line (so called “quasiclassical
trajectory”) with a constant b = r · (zˆ× k). Note that b can be regarded as the
impact parameter, which is the quasiparticle angular momentum divided by the
Fermi momentum. We adopt the classical fourth-order Runge-Kutta method to
solve (2), and for the initial value at r = ±100piξ0 we use the bulk solution, here
we use symbol ξ0 = 2EF(pikF∆0)−1 for the coherence length at zero temperature
without impurities.
3 Results and Discussion
Figures 1 and 2 show LDOS in the vortex at T/Tc0 = 0.1, Γn/∆0 = 0.3 in the Born
limit (δ0 → 0) and the unitary limit (δ0 → pi/2), respectively. In the Born limit,
there is a sharp peak at zero energy at the center of anti-parallel vortex (lz = 0)
but the peak is suppressed for the parallel vortex (lz = 2h¯). This implies that the
low energy bound states (vortex-ABS) in the anti-parallel vortex are more robust
against the impurities than those in the parallel vortex. This behavior is consis-
tent with earlier results11,12,13,16. We note that the level broadening with use of
analytical expression for quasi-classical Green function obtained in ref.12 within
non-self-consistent Born approximation support our results and those of16. Con-
trarily to the above observations, it was reported in ref.25 that the level broadening
of core states due to impurities in the Born approximation does not depend on the
type of vortices so much. As pointed out by one of the author in ref.25, this dis-
crepancy may be attributed to difference in the presence or absence of constraint
on axial symmetry32; in this study and ref.16, axial symmetry is imposed and the
phase of the order parameter is set as (7) and (8) while in ref.25, the calculation
was performed so that the spontaneous breaking of axial symmetry is allowed.
The resultant solution in ref.25, however, preserves the axial symmetry. Thus, the
constraint on axial symmetry is unlikely to affect the final result; the reason for
the discrepancy of the results on the level-broadening in the Born approximation
between the present study and ref.25 is still unclear.
In the unitary limit, on the other hand, the zero energy peak is considerably
suppressed in the anti-parallel vortex as well as the parallel vortex. We quantify
the effects of the impurities on the vortex-ABS by the peak value of LDOS at the
vortex center N(r= 0,ε = 0)/N0, which we show in fig. 3. The peak is suppressed
more considerably when δ0 increases from 0 (the Born limit) to pi/2 (the unitary
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Fig. 1 (color online) The LDOS in the vortex in the Born limit (δ0 = 0) at T/Tc0 = 0.3 and
Γn/∆0 = 0.3. left: lz = 0, right: lz = 2h¯
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Fig. 2 (color online) The LDOS in the vortex in the unitary limit (δ0 = pi/2) at T/Tc0 = 0.3 and
Γn/∆0 = 0.3. left: lz = 0, right: lz = 2h¯
limit). For fig. 3-(d), the peak of anti-parallel vortices (lz = 0) is suppressed even
in the Born limit. We will discuss this behavior later.
In the following, we discuss the results shown in figs. 1-3, considering the im-
purity effects on the quasiparticle density of states (DOS) in chiral p-wave super-
conductors in the bulk. The modulus of the pair-potential in the bulk is suppressed
regardless of the type of the impurities when T is high and Γn is large. The reduc-
tion of ∆b makes the vortex-ABS more extended spatially and lower the peak of
LDOS near the core, regardless of the value of δ0.
Even when ∆b is not so small (i.e., T is sufficiently low and Γn is sufficiently
small), there exist quasiparticles with energy smaller than ∆b, which stem from the
impurity bands. Following the standard calculation of the impurity effects in the
spatially uniform unconventional superconductors29, we can obtain the gap edge.
When δ0 is increasing toward pi/2, the minimum energy for excitation decreases
as shown in fig. 4, and it becomes zero (i.e., there are finite density of states at
the Fermi level and a gapless superconductivity comes out33) when δ0 exceeds a
critical value δc. The value of δc is given as the solution of the equation
δc = arccos
√
Γn/ |∆b(Γn;δc)| (9)
under the assumption that ∆b is monotonically decreasing of δ0. At the energy
where the impurity band has finite density of states, there is a resonance between
the localized wave functions near vortex cores and wave functions that extend
spatially outside vortex and thus we can naturally understand the reason why the
spectra of the vortex-ABS broaden heavily. We can also understand the suppres-
sion at the Born limit in fig. 3-(d) from this point of view. For this parameter, the
61
10
100
N
=N
0
(a) (b)
1
10
100
0 0:5 1
N
=N
0
0=(=2)
(c)
0 0:5 1
0=(=2)
(d)
lz = 0h
lz = 2h
lz = 0h
lz = 2h
lz = 0h
lz = 2h
lz = 0h
lz = 2h
Fig. 3 (color online) The dependence of the peak value of zero energy LDOS at the center
of the vortex upon the scattering phase-shift δ0. The temperature T and scattering rate Γn are
T/Tc0 = 0.1 andΓn/∆0 = 0.3 (a), T/Tc0 = 0.3 andΓn/∆0 = 0.3 (b), T/Tc0 = 0.1 andΓn/∆0 = 0.4
(c) and T/Tc0 = 0.3 and Γn/∆0 = 0.4 (d). The arrows indicate δ0 where the energy gap on the
Fermi level in the bulk disappears. The critical values are numerically calculated using (9).
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Fig. 4 (color online) The minimum excitation energy in the bulk.
minimum excitation energy is finite but very small as in fig. 4. The narrow gap is
insufficient to inhibit resonance between inner and outer states, and as a result the
peak broadens even at the Born limit.
When ∆b is not so small and there exists a sufficient large gap on the Fermi
level in the bulk, quasiparticles with energy lower than the gap edge predomi-
nate the vortex-ABS. Considering the impurity scattering between the vortex-ABS
only11,13, we can see that the impurity effects on the vortex-ABS strongly depend
on the type of vortex. We indicate δc by the arrows in fig. 3 (a)-(d). We can see in
fig. 3 (a)-(c) that δc moderately well matches the crossover phase-shift from the
regime (with smaller δ0) where the impurity effects depend strongly on the type
of vortices to the regime (with larger δ0) where the vortex-ABS on both types of
vortices are heavily suppressed. This result is consistent with our argument in the
above.
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